We investigate the symmetry properties of a dual action derived by compactifying the effective action of the type IIB superstring on an isotropic six-torus. We show how the Neveu/Schwarz-Neveu/Schwarz and Ramond-Ramond three-form field strengths are dual to the gradients of two, coupled pseudo-scalar axion fields. This leads to an interaction between the dilaton and moduli fields that is invariant under the SL(2,R) symmetry of the ten-dimensional theory. The dual action is also invariant under a discrete Z 2 reflection symmetry which leads to a further SL(2,R) symmetry. We compare this with the corresponding symmetry of the Neveu/Schwarz-Neveu/Schwarz sector alone.
Introduction
There is now strong evidence that the five separate superstring theories are related nonperturbatively by duality symmetries [1, 2, 3, 4] . In this picture the symmetries of the low energy effective supergravity theories are broken to discrete subgroups by quantum corrections. The symmetries of the type II theories have a number of interesting features [2] . The equations of motion of ten-dimensional (10-D) type IIB supergravity are symmetric under global SL(2,R) transformations. This symmetry generates new solutions to the field equations from a given solution. The subgroup SL(2,Z) is the conjectured S-duality of the type IIB superstring [2] . This relates the strong-and weak-coupling regimes of the theory and interchanges Neveu/Schwarz-Neveu/Schwarz (NS-NS) and Ramond-Ramond (RR) charges. It has been further conjectured that this duality arises from the compactification of a twelve-dimensional theory (F-theory) on a two-torus [3, 4] .
Type IIA and IIB string theories are equivalent after toroidal compactification [5] . Compactification of the effective type II action on a six-torus results in N = 8 supergravity [6] . The field equations of this theory are invariant under the action of E 7 (7) , corresponding to a non-compact variant of the group E 7 , and this contains SL(2, R) × O(6, 6) as a maximal subgroup [6] . The discrete subgroup E 7(7) (Z) is the conjectured U-duality of the type II superstring and contains the T-duality group O(6, 6; Z) and S-duality group SL(2, Z) [2] .
The purpose of the present paper is to consider a truncated 4-D type IIB supergravity action by compactifying the theory on an isotropic six-torus. Our aim is to derive a 4-D effective action including non-trivial interaction terms between the NS-NS and RR form fields, whilst maintaining enough simplicity that solutions to the field equations can be found and analyzed in detail. In view of this we only include the variation of the formfields on the external 4-D spacetime. In four dimensions, the three-form field strengths are dual to one-forms. This correspondence is employed to derive a dual action in terms of pseudo-scalar 'axion' fields. The global SL(2,R) symmetry of the 10-D supergravity action is preserved by the dual action in 4-D. However, formulating the theory in terms of the dual action uncovers a further discrete Z 2 symmetry and a second, global SL(2,R) symmetry, which is the mirror image of the original SL(2,R) symmetry.
The effective action
The low energy limit of the type IIB superstring is 10-D, N = 2 chiral supergravity [7] . The bosonic massless excitations in the NS-NS sector are the dilaton, Φ, the metric, g M N , and the antisymmetric, two-form potential, B (1) M N . The RR sector contains a scalar axion field, χ, a two-form potential, B (2) M N , and a four-form potential, D M N P Q . The equation of motion for the four-form cannot be derived from a covariant 10-D action and we therefore assume that this field vanishes [8] . The field equations for the remaining degrees of freedom can be derived by extremizing the action [9] :
where R 10 is the Ricci curvature scalar, g 10 ≡ det(g M N ) and 1
are the field strengths of the two-form potentials B
(i)
M N . The RR terms do not couple directly to the 10-D dilaton in the string frame, and the dilaton field is minimally coupled to the metric in the conformally related, 10-D Einstein frame:
We then have
and Eq. (2.4) can be written as [2, 10]
where
It follows that M T JM = J, where
is the SL(2,R) metric. Thus, M is a member of the group SL(2,R) and the action (2.5) is invariant under the global SL(2,R) transformation [2, 10] :
The invariance of the 10-D Einstein metricĝ M N implies that the string metric g M N transforms under Eq. (2.9) asḡ
The four-form transforms as a singlet.
Reduced 4-D action
The toroidal compactification of the type IIB theory (2.1) has recently been discussed [9, 11, 12, 13, 14] . Maharana [11] and Roy [12] compactified down to D dimensions and showed how the SL(2,R) symmetry discussed above is respected in lower dimensions. We compactify to four dimensions with the simplest toroidal ansatz:
where y is a modulus field describing the volume of the internal space. We assume that all fields are independent of the internal coordinates X a . We do not consider the vector fields arising from the metric components or the moduli originating from the compactification of the three-forms. Although this is a more severe truncation of the toroidally compactified action than the one considered by Maharana [11] and Roy [12] , it has the advantage that the interactions between the NS-NS and RR fields can be quantitatively analyzed. Each form field is reduced to a single degree of freedom and this allows valuable insight to be gained into the role played by the RR sector.
The reduced 4-D effective action in the string frame is given by
represents the effective dilaton in the 4-D spacetime. The corresponding action in the 4-D Einstein frameg
is then given by
Note that the 4-D Einstein frame metric, Eq. (2.15), differs from the corresponding part of the 10-D Einstein frame metric (2.3) by the conformal factor
The Dual Action
In what follows we shall always refer to the metric in the 4-D Einstein frame and so we drop tildes for notational simplicity. The field equations for the three-forms in the 4-D Einstein frame are given by
In four dimensions the three-form field strengths are dual to one-forms:
where ǫ µνλκ is the covariantly constant four-form. The field equations (2.18) and (2.19) take the form
when written in terms of the dual one-forms. These dual forms may be written in terms of the gradients of two pseudo-scalar 'axion' fields. Equation (2.22) requires that
where σ 2 is any scalar function. Substituting this into Eq. (2.23) implies that
where σ 1 is a second arbitrary scalar function. These together imply that the field equations (2.18) and (2.19) are automatically satisfied by
It should be emphasized that the definitions of both scalar fields σ i are arbitrary up to a redefinition σ i → σ i + f i , where f i represents an arbitrary scalar function. In this sense, therefore, there is no unique definition of the pseudo-scalar axion fields. However, when H (2) µνλ = χ = 0, we see that our definition of σ 1 coincides with the usual definition of the axion that is dual to the NS-NS three-form field strength [15, 16, 17] .
Although the field equations (2.18) and (2.19) for the three-forms are now automatically satisfied by the dual ansatz, we must also impose the Bianchi identities
that arise because the three-form field strengths are defined in terms of the gradients of two-form potentials. These correspond to the constraint equations
on the fields σ i . They are interpreted in the dual ansatz as field equations that can be derived from the effective action
This action is not identical to the original action (2.16) because the roles of the Bianchi identities and the field equations are interchanged. Nevertheless, the two descriptions are dynamically equivalent as long as the field equations are satisfied, and it should be emphasized that either form of the action should only be viewed as an effective action which reproduces the correct equations of motion. With this in mind, we refer to this dual action when investigating the symmetries of the 4-D theory.
Conserved currents
The one-forms K and J defined in Eqs. (2.20) and (2.21) can be written in terms of the pseudo-scalar axion fields using Eqs. (2.24) and (2.25). This yields
and the Bianchi identities (2.29) and (2.30) simply correspond to the requirement that these currents are conserved:
In terms of the original three-form field strengths, these currents are topologically conserved due to the Bianchi identities, but in the dual formulation they are Noether currents conserved due to the symmetry of the action (2.31).
The conserved currents allow us to integrate out the kinetic terms for the pseudo-scalar axion fields σ i . This reduces the field equations (2.32-2.34) to
where the effective interaction potential, V , for the fields ϕ, y and χ is given by
This arises due to the three-form field strengths and may be expressed in a SL(2,R) invariant form, as will be shown in the following section. Note that the field equation for the field χ, Eq. (2.34), can also be written as
where ∇ µ L µ = 0. Thus, L µ is the third conserved current for the form-fields, independent of K µ and J µ . This does not allow us to simplify the equations (2.38-2.40) any further as we simply swap our ignorance of ∇χ for our ignorance of σ 2 . However, it is indicative of a further symmetry of the dual action which we discuss in the following section.
3 Symmetries of the dual action
SL(2,R) χ symmetry
The effective 4-D action (2.13) still exhibits the global SL(2, R) symmetry of the full 10-D action manifest in Eq. (2.5) [11, 12] . This becomes apparent by defining new scalar fields:
The action given in Eq. (2.31) then takes the form
Defining the symmetric 2 × 2 matrix M as in Eq. (2.6) and the vector
implies that Eq. (3.3) may be written in the form
This action remains invariant under the SL(2,R) transformation
The transformation (3.6) acts non-linearly on the scalar fields u and χ:
and the pseudo-scalar axion fields transform as The effective interaction (2.41) may also be written in a SL(2,R) invariant form:
J µ , and thus the covariantly conserved currents transform as
(3.14)
This provides an interesting example of a non-trivial (V = constant) SL(2,R) invariant interaction for the dilaton, despite the fact that there is no SL(2,R) invariant potential that can be derived from the dilaton alone [11] . The three-form field strengths can provide an effective interaction potential for the 10-D dilaton, Φ = 2u, because they too transform under the SL(2,R) transformation. The form of this interaction suggests that it may be possible to stabilise the 10-D dilaton due to interactions with the axion fields, as was recently noted in a similar context by Lukas, Ovrut and Waldram [18] . However, this is only possible if some other mechanism (in addition to the fields considered in this paper) operates to stabilise v (the size of the compact space in the 10-D Einstein frame) and prevents the prefactor e − √ 3v → 0 in Eq. (3.11).
Z 2 and SL(2,R) σ 2 symmetry
The importance of the dual action is that a further symmetry may be uncovered. The NS-NS sector of the reduced action (2.13) is invariant under the 'T-duality' transformation ȳ = −y, corresponding to an inversion of the internal space. This Z 2 symmetry can be extended to the RR sector of the theory and the dual action (2.31) is symmetric under the discrete transformation
where the 4-D dilaton, ϕ, and 4-D Einstein frame metric remain invariant. Note, however, that because the volume of the internal space changes, the 10-D Einstein frame metric (related to the 4-D Einstein frame metric by the conformal factor given in Eq. (2.17)) is not invariant under this transformation. In terms of the conserved axion currents, defined in Eqs. (2.36), (2.35) and (2.43), the reflection symmetry (3.15) corresponds tō
This reflection symmetry implies the existence of an alternative SL(2,R) symmetry in the dual action which can be obtained from a combination of the SL(2,R) χ transformation given in Eq. (3.6) plus the reflection symmetry in Eq. (3.15). Analogously to Eqs. (3.1) and (3.2), but with y → −y, we introduce the new scalar fields:
The dual effective action, Eq. (2.31), then takes the form
Defining the symmetric 2 × 2 matrix:
P ≡ e w σ 2 e w σ 2 e w e −w + σ 2 2 e w (3.20) and the vector:
allows us to express this action as
This is manifestly invariant under the SL(2,R) transformation
and this implies that
We refer to this as the SL(2,R) σ 2 symmetry of the action. It should be emphasized that this is not the 10-D SL(2, R) χ symmetry recast in terms of the 4-D action. The SL(2, R) σ 2 transformation mixes the σ 2 axion field with w. This latter field is not the 10-D dilaton, because it includes an additional contribution from the modulus field y. Thus, the radius of the internal dimensions transforms non-trivially and the 10-D Einstein metric is not invariant under (3.23).
Comparison of Eq. (3.1) with Eq. (3.17) and Eq. (3.2) with Eq. (3.18) implies that the discrete transformation y ↔ −y is equivalent to u ↔ w and v ↔ x. Moreover, Eqs. (2.6) and (3.20) imply that the reflection symmetry (3.15) is equivalent to M ↔ P . Thus, the SL(2, R) σ 2 symmetry transformation is formally equivalent to the Z 2 transformation (3.15), followed by the SL(2, R) χ transformation (3.6), followed by another Z 2 transformation (3.15) .
Finally, we recall that we were able to employ the conserved currents for σ i to provide reduced equations of motion for ϕ, y and χ in Eqs. (2.38-2.40), where the effective interaction potential Eq. (3.11) is invariant under the SL(2,R) χ transformation. The reflection symmetry (3.15) implies that analogous reduced fields equations for the fields ϕ, y and σ 2 may be derived by employing the conserved currents for σ 1 and χ. Substituting the definitions of K µ and L µ , Eqs. (2.35) and (2.43), into the equations of motion implies that
where the effective interaction potential W between the fields ϕ, y and σ 2 is given by
and
L µ transforms asL µ = (Σ ′T ) −1 L µ under the SL(2,R) σ 2 transformation in Eq. (3.23) and the conserved currents therefore transform as
Discussion
In this letter we have considered a 4-D effective action derived by compactifying the 10-D type IIB superstring on an isotropic six-torus. Only the variations of the form fields on the external 4-D spacetime were considered and, although many degrees of freedom present in the full 10-D theory were omitted, interactions between form fields of the NS-NS and RR sectors were included. These interactions are such that a dual action, Eq. (2.31), may be derived, where the field strengths of the two-forms are interchanged with the one-form field strengths of two pseudo-scalar axion fields. This results in an effective interaction potential for the dilaton, modulus and RR axion fields that may be expressed in a SL(2,R) invariant form.
The global symmetry of the 10-D effective action, SL(2, R) χ , is respected by the dual action. However, this action is also invariant under a discrete Z 2 reflection symmetry and this implies the existence of a second, global SL(2,R) symmetry, SL(2, R) σ 2 , corresponding to the mirror image of the original SL(2,R) χ symmetry. These symmetries of the dual action are powerful tools for generating new 4-D backgrounds with non-trivial RR fields from vacuum solutions [19] or solutions where only the NS-NS sector is non-trivial [15, 16, 17] .
The SL(2, R) χ symmetry mixes the RR axion and 10-D dilaton and leaves the internal space in the 10-D Einstein frame invariant. Thus, both the 10-D and 4-D Einstein frame metrics transform as singlets under this symmetry. However, the Z 2 symmetry is a 'Tduality' which inverts the size of the internal space. Although the 4-D Einstein metric remains invariant, the 10-D Einstein metric is not invariant under the Z 2 (or the resulting SL(2,R) σ 2 ) symmetry.
It is interesting to compare the symmetries of the dual action (2.31) with the more familiar symmetries of the NS-NS sector of the string effective action. It is well known that there is a SL(2,R) symmetry between the dilaton and the NS-NS axion when the RR form-fields are zero [15] . The NS-NS three-form H (1) µνλ is dual to e 2ϕ ∇ κ σ 1 in this case and Eq. (2.31) can be written as is a member of the group SL(2, R). Thus, the NS-NS sector is invariant under a global SL(2,R) transformation [15] N = ΣN Σ T ,ḡ µν = g µν ,ȳ = y (4. 3) and there is also an independent Z 2 symmetry:
The SL(2,R) symmetry (4.3) is not respected by the terms involving the RR field strengths, but there is a striking similarity between the symmetry of the complete dual action (2.31) and the restricted NS-NS action (4.1). In the case of the NS-NS sector alone, the SL(2,R) and Z 2 symmetries act on different fields and thus commute, whereas this is not so in the type IIB effective action (2.31). In the former case, the SL(2,R) symmetry is its own mirror image under the Z 2 reflection, but when the RR fields are included, we find that the mirror image of the original SL(2,R) χ symmetry is a second SL(2,R) σ 2 symmetry. As both actions include an SL(2,R) 'S-duality' and a discrete Z 2 'T-duality', this suggests that many qualitative features of the NS-NS solutions alone may be shared by the more general type IIB solutions with both NS-NS and RR fields included [19] .
